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The Polya Field
Complex Functions as Vector Fields

Prescription: Attach a vector f(z) with tail at point z.

Problem: [, dz f(z) has no simple interpretation in temrs of line and ‘surface’ integrals.
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The Polya Field
The Polya Field

Resolution: Visualize f(z) as a vector field (Polya Vector Field).

dz f(z) |f| e~ P dse’™

|fldse’®; 6=a—2

7| (cos 6 + isin6) ds

|f| dscos 0 +i|f| dssin 6

(?-?) ds+i (?- h) ds

where f is the Polya Vector, T is unit tangent and 7 is unit normal to the curve.
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The Polya Field

/dzf(z) _ /ds?.? n i/ds?.h
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The Polya Field

}édzf(z) — jids?'? n ijqids?-ﬁ
//AdA(ﬁxF)H//AdA(ﬁ-?)

where V - f = dxfx + dyfy, and V x f = Oxfy — 9y fy.
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The Polya Field
Analyticity and Polya Field

The integral result demonstrates that

Analyticity and Polya Field

The Polya Field associated with an analytic function has zero divergence and curl in
the region of analyticity.

Problem

Verify the above using Cauchy-Riemann Equations.
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Example

%dz?:ZiA
@

Polya Field: 7 = 7, with V- f = 2 and ¥ x f = 0. Therefore

fdz?:Zi//dA:ZiA
& A )

?{%:2714
c Z

Polya Field: f = 7/r2 with V - f = 276@)(F) and V x f = 0. Then

?{g :2m'// dA @) (F) = 2ri
c Z A

This is physically the electric field due to a point charge (actually, a line charge).

Problem

Analyze the Polya field associated with f(z) = i/z.
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The Polya Field
Dipole Field

Polya field of f(z) = A/z? where A = a &'® is complex.

f(z) = Iim[

e—0

a/2e a/2e
z—cel® z4eel?

This is just a dipole field.
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The Polya Field
Multipole Fields

Similarly, f(z) = A/z° represents a quadruploe field, etc. A Laurent series is then a
multiplole expansion.
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